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Theorem 4. If v(O) = 0 then P is a limit point (J = 0). In neighbouring
points on the vacuum line J < O.
Let v(O) =v'(O) = .. , =v(n-l)(O) = 0 and v(n)(o) 0;6 0, then for
n=l, 3, 5, '"
there is for both 0> 0 and 0< 0 at least one limit line through P tangent
to the vacuum line with a finite curvature, but having a stronger curvature
than the characteristic at P. There are no other limit lines through P.
The hodograph streamline through P consists of the vacuum line and a
curve through P not tangent to the vacuum line. In the physical plane
the vacuum line shows a cusp at P.
n=2, 4, ...
the limit point P is isolated. The hodograph streamline through P
coincides with the vacuum line. In the physical plane the vacuum line
has a point of infinite curvature at P.
Proof. From eq. (41) it follows directly that in P J = 0, whereas
since '1'(0) is an analytic function not identically zero, J < 0 in neighbouring
points on the vacuum line.
We now consider the behaviour of the Jacobian on the lines m(q-1)=0,
-oo<m<=, q< 1 and on the curves q-1 =p*!O!k, -=<p*<O, 1<k<2,
q<l.
With eqs. (ll) and (39) it follows for the function J±:
Let '1'(0) =v'(O) = ... = 'I'(n-l) (0) = 0 and v(n)(o) ""0 and n= 1,3,5, .... Then
the leading term for the function J± on these curves, using eq. (56) and
lemma 2 is given by
(57)
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where A2*0. Using eq. (12) it follows that the leading term for the
Jacobian is:
(58)
Therefore J>°for q< 1 in a neighbourhood of P on curves not tangent
to the vacuum line with finite curvature at P.
Similarly if n = 2, 4, ... the leading term of J ± on these curves may be
shown to be given by
(59)
J±= [- (.1 ~ 1) I lJI2 (1, 0)q(1 +q)-r_2 n . 4·.Q
-----In
- I! , lJI2 (1,0) q(1+q)-r] . (1-q)rn=B2(1-q)tn,C2n ). 4 •• 4
-----In
where B2*0.
Using eq. (12) it follows that the leading term of the Jacobian is
(60)
Therefore J < °for q< 1 in a neighbourhood of P on curves not tangent
to the vacuum line with finite curvature at P.
We now investigate the behaviour of the leading term for the Jacobian
on the parabolic curves V- t(q - 1) = pO, - 00 < p < 00, q< 1. We therefore
reconsider the functions J±. Lemma 2 may give rise to the remark that
the sum of the leading terms in the Taylor expansion of J ± on these
parabolas is a multiple of v<n)(o). Bearing in mind the remark made after
lemma 2 it may be clear that the same leading term for J ± also appears
if eq. (55) is used and if
(61)
is expanded on the parabolas V-y=px, -oo<p<oo, Y<O.
Moreover, these leading terms are the same for all solutions of eq. (55)
with the same value of v(n)(o) *0, while v(O)= v'(O) = ... =v(n-l)(O) = O.
We therefore choose v(x)=jJxn and take the solutions of eq. (55) corre-
sponding to this initial value and r(x) = constant from [6].
From [6] eq. (26) it follows:
(62)
1
lJI(x,y)=6 S t(1-t)v{x-2V-y+4V-yt}dt
o
or with v(x) = jJxn:
(63)
1
lJI(x,y)=6jJ S t(1-t)(x-2V-y+4V-yt)ndt
o
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from which
1
(64) IfIx(x, y)=6{1n S t(1-t)(x-2V-y+4V-yt)n-ldt
o
and
1 __
(65) lfIy (x , y )= 6{1n ( - y )i S t(1-t)(1-2t)(x-2V-y+4V-yt)n-ldt.
o
From eq. (61) it follows that for K± as leading term
l 1 1K±=3{1V2xn [- i S t(1-t)(1-2p+4pt)ndt+pn S t(l-t)·(66) 0 1 0(1-2t)(1-2p+4pt)n-l dt ± pn ! t(l-t)(l- 2p+4pt)n-l dt].
Having carried out the integrations in eq. (66) and using eq. (12), the
leading term of the Jacobian may be written as
(67)
where
- 9{12 x2n
J = 512(n+ 1)2(n+2)2 p4 g(P; n)g( - p; n)
(68) g(p; n) = [1 +2(2n+ 3)p](1- 2p)n+l- (1 + 2p)n+2
The function g(p; n) is zero if
(69)
Let
(70)
1 + 2 (2n+ 3)p = (1 + 2P)n+l.
1+2p 1-2p
1+2p
x=--1-2p
then eq. (69) becomes
(71) -xn+2+ (n+ 2)x- (n+ 1) = O.
Now let n= 1,3,5, ... then eq. (71) has two real roots: one for x = 1, and
one for - 00 < x < - 1. Corresponding to x = 1 we find p = 0, and from
(72) lim p-2 g(p; n)= lim p-2 g(p; n)= -8(n+ 1)(n+2)<0
1/-+0 1/-+0
and from eq. (67) it follows that J < 0 for p = O. Corresponding to the root
for - 00 < x < - 1, the function g(p; n) has a zero for p > -!. Since moreover
g(-!; n) < 0, the qualitative behaviour of g(p; n) may now be given and used
to derive a qualitative sketch from eq. (67) for the leading term of the
Jacobian. This sketch is given in fig. 3. We therefore conclude that both
for () > 0 and () < 0 there is at least one limit line, tangent to the vacuum
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line in P and having a curvature there stronger than the characteristic,
but finite.
Next let n = 2,4, '" then eq. (71) has only one root X= 1. Accordingly,
with eqs. (72) and (67) we find that J < 0 for all p. The point P is therefore
an isolated limit point.
J
n= 1,3, ...
Fig. 3. Behaviour of the Jacobian in a vacuum limit point v(O)=O{T(O) e= c}.
For the mapping of a neighbourhood of P onto the physical plane
eqs. (42) and (43) will again be used. A finite neighbourhood of P is
seen to be mapped onto a finite area in the physical plane. Now con-
sider the case, that 1,(8»0 for 0>0,1'(0)=0,1'(0)<0 for 0<0, thus cor-
responding to n odd. According to eqs. (47) and (49) the image of the
part AP of the vacuum line in the physical plane has its concave side
toward the side of the positive y axis. In the physical plane the vacuum
line has therefore a eusp at P. A similar reasoning applies if v(O) < 0 for
0>0, v(O)=O, 1'(0»0 for 0<0, also corresponding to n odd. See fig. 4.
If n is even the shape of the vacuum line is as sketched in fig. 2,
whereas from eq. (52) follows, that R=O in P.
The proof of the statement with regard to the hodograph streamline
through P can be found in [10].
y
B
p
x
Fig. 4. Mapping in a vacuum limit point v(O) =O{T(O) == c},
(73)
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2.3. The case i(8) =1= constant, v(8) =1= o.
We distinguish between i'(O)o6O and 7:'(0)=0.
Theorem 5. Theorem 1 remains true if v(8) =1= O.
Proof. The proof of theorem 1 remains valid if 1'(8) =1= O.
Theorem 6. If i'(O) = 0, v(8) =1= 0 in a neighbourhood of P, then P
is a point on a supersonic limit line. An interval on the vacuum line
punctured in P consists entirely of points for which J --+ CXJ.
Proof. Since i(8) in a neighbourhood of P is an analytic function
not identically equal to zero, i'(8) # 0 in a neighbourhood of P, with P
excluded. Theorem 5 then applies to points of this punctured interval;
therefore J --+ CXJ.
We consider the behaviour of the Jacobian on the parabolas V- i(q-I) =
=p8, -CXJ<P<CXJ. Let i'(O)=i"(O)= ... i(n-l)(O)=O and i(n)(o)o6O.
First let v(O)o6O. From eqs. (11), (39), (33), (13), (23) it follows that
the leading term of the Jacobian on these curves reads:
(\:nxn- 3
J±= ± ~!(± p; n)-£V2v(0).
If n= 2 eq. (73) gives
(74) (\:2 1-4p 2J=-
x2 4p
as the leading term with eqs. (34) and (12).
Therefore for [pi> t, J < 0 for [xl small enough, whereas for [pi < t,
J> 0 for Ixl small enough. Because J is a continuous function for q< I,
on every semicircle around P with small enough radius there is at least
one point J = 0 both for 8> 0 as for 8 < O. Therefore P is a point of a super-
sonic limit line, which exists both for 8> 0 and for 8 < O.
If n=3 eq. (73) gives as the leading term:
(75) 3(\:J±= ± 8p 2! ( ± p; 3)-£V2 v(O).
Nowforp= ± t:p-2!(+p;3)=-p-2!(p;3);thereforeJ+(± t)=J-(± t)
and from eq. (12) it follows that J <0 for p= ± t. It also follows from
eqs. (75), (12) that J>O for [pi small. The same conclusions as for n=2
can then be drawn.
If n:» 3 it follows from eqs. (73) and (12), that for Ixl small enough and
Ipl sufficiently large the leading part in the Jacobian is negative, whereas
for Ipl small J>O. The same conclusions as for n=2 and 3 can then be
drawn.
Secondly let v(O)=v'(O)= ... v(m-l)(O)=O and v(m)(o)o6O. According to
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eqs. (ll), (13), (33), (66), (67) then the leading part for the Jacobian may
be written as
(76)
{nxn- 3 3fJ V2 x m~ Jr.~ == 8pz (f:l:p; n)j- 32(m,l)(m+2)pzg(J: p; m)
/
' (n= 2,3, )
im»: 1,2, ).
If n-3<m and -=<p<= the leading term in eg. (76) is equal to
that of the case r{O) cO, v(O) • 0, thus theorem 2 applies.
If n--3~m eq. (76) yields:
'r n - 3(77) J±= '~pz h.l(p; n)
where
(78) hL(p; n)-c~_ a/(.:: p; n) I bg( : p; n)
and
(79) a-' ",n, b = 3fJV24(n-l)(n-2)' n~4,5, ....
With eqs. (78), (:~4), (68) follows:
( h±(p; n)=(± a Ib) {I ± 2(2n-3)p} (1=j=2p)n-2-;-(± a-b)
(80) )~ (1 ± 2p)n-l.
Thus with eqs. (77), (80), (ll) follows on P>: ± ok:
(81) .1= -2Zn-4(n--2)(a + b)2 x2n-6;
therefore both for p =! and for p = -1 J < 0. Since furthermore h=(O; n) =
= ± 2a, thus h"'(O;n) h-(0;n)~-4a2<0, eqs. (77) and (12) show that
.I> 0 for Ipl and Ixl small enough. There exists thus a supersonic limit
line through P for both 0>°and 0 < 0.
If n-3>m and p= ± k eq. (76) yields that the leading term for the
Jacobian is the same as that for the case 1'(0) = 0, r(O) ,~ constant; thus
.I < 0 for p = ± !. If p -+ 0, however the first term in eq. (76) becomes
the leading one and .I> 0 for ip: and ;xl small enough. Therefore there
exists a supersonic limit line through P for both 0> 0 and 0 < O.
3. The possibility 0/ a Liouville. theorem lor compressible potential flow.
The classification given above leads to essentially four types of vacuum
points: (i) r' =1= 0; theorems 1 and 5, (ii) t' = 0; theorems 2 and 6, (iii)
r 0= constant, v =1= 0; theorem 3, (iv) r 'constant, v = 0; theorem 4. It is
of interest to interprete these four types of vacuum points with regard
to their role in the wave structure of the supersonic part of a compressible
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potential flow. One may visualize this wave structure by considering on
a characteristic of a given flow the variation of the downstream pressure
gradient along the characteristics of the other family of characteristics
that intersect the first characteristic. If this pressure gradient is negative
one could speak of an expansion wave travelling along a characteristic,
and somewhat arbitrarily take the downstream direction as the direction
of propagation. Compression waves propagating downstream along a
characteristic correspond to a positive downstream pressure gradient
along the other family of characteristics intersecting this characteristic.
Points on limit lines and vacuum lines, consisting of vacuum points of
type (i), thus lying at infinity can then be shown to be begin or end points
of characteristics. They may therefore be regarded as points of generation
or absorbtion of these pressure waves [11]. Vacuum points of type (i)
will therefore be termed vacuum points of the generation type. At bounda-
ries of supersonic regions reflections of pressure waves may take place.
It can be shown, that at a sonic line expansion waves are reflected as
compression waves whereas at vacuum points, where the Jacobian of the
hodograph transformation is finite, compression waves are reflected as
expansion waves [11]. Vacuum points of type (iii) will therefore be termed
vacuum points of the reflection type. The remaining two types (ii) and (iv)
are vacuum limit points.
As was pointed out in the introduction, for a formulation of a Liouville
theorem for compressible potential flow, vacuum points not lying at in-
finity are of most interest. In addition to the potential vortex flow, being
a flow with a vacuum reflection line but without limit lines, there exist,
according to theorem 4, flows with vacuum reflections lines and limit
lines. As an example of such a flow, consider the solution of the initial
value problem, corresponding to .(0) 0, '1'(0) = 2cV2 cos 0, where c is some
constant. This solutions reads:
(1) ':P(q, 0) = cq-l (1- q2)3/2 cos 0.
According to eq. (2.10) the Jacobian is then given by
(2) J = _c2q-S [(2q2 + 1)2 cos2 0+ (1- q2)(1- 2q2) sin'' 0]
(3)
so that limit points are given for
tan 0 = ± 1+ 2q2
V(1- q2) (2q2 - 1)
A limit line exists for 81,8°::SIO!::S98,2° and t::Sq2::S1. In accordance with
theorem 4, for 0= ± n/2 the vacuum point is a point of a supersonic
limit line, and this limit line has a stronger curvature. (R = 0, 1) than
the characteristics (R=O, 5) at the vacuum point. The hodograph stream-
line through the vacuum limit points consists of the vacuum line and the
line 0= ± n/2, O::Sq::Sl. A sketch of the flow in the hodograph plane is
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given in fig. 5. Only the upper half circle is given because the flow is
symmetric with respect to 8 -= 0, n. In the physical plane the vacuum line
is a periodic curve with period 3/2 nco
As an example of a flow with an isolated vacuum limit point, consider
the solution of the initial value problem, corresponding to r(e; =-= 0,
v(O) = 2cV2 (cos 0 - I), where c is some constant. This solution reads:
(4) [
I- VI-q2 -J
'1/(q, 0) = C q-l(1-q2)3/2 cos 0 ; ! In +- 3 1/1 - q2
I I VI- q2
and in fact is a superposition of the solution given in eq. (I) and a potential
vortex solution with certain strength of the circulation.
q=l q=M=O M=l M=oo
Fig. 5. Hodograph streumliues of a flow with limit lin es and vacuum reflection lines,
According to eq, (2.10) the Jacobian is given by
(5) J = - c2q-S [q2 (2q2 + 7) cos'' 0 - 6q(2q2,-I) cos 0+2q4 j- 6q2 -I- I]
so limit points are present if
(6) 3(1 + 2q2) : !~ 2(I- q2) n·- q2cos 0= (7 ') 2) .q +~q
For ! ~q2< 1 there are no limit points. On the vacuum line there is one
limit point, namely for 0= 0 and this point is isolated, in accordance with
theorem 4. Since in the subsonic region limit points occur only if 'I'q = 'I'B = 0
eq. (4) shows that the only limit point in the subsonic region is given by
q= t, 0= O. In this point the hodograph streamlines form a saddle point.
A sketch of the flow in the hodograph plane is given in fig. 6. Only the
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upper part of the plane is shown because the flow is symmetric with respect
to the line () = 0, n. In the physical plane the vacuum line is a periodic
curve with period 3nc.
qe l q=M=O J=O M=1
Fig. 6. Hodograph streamlines of a flow without limit lines and an isolated limit
point on the vacuum line and in the subsonic region.
The latter example illustrates that there are flows other than the po-
tential vortex flow which contain vacuum reflection lines and have no
limit lines. The pressure waves reflecting from the sonic line as compression
waves are reflected at the vacuum line as expansion waves to reflect
again at the sonic line. The waves bounce up and down the two lines and
no limit lines are evidently needed to create the wave system. Further-
more, yet another example may be given of a flow with a vacuum reflection
line without limit lines, but also without sonic lines. This example is
simply obtained by taking from a potential vortex flow solution a charac-
teristic triangle with a segment of the circular vacuum line as base such
that the top will be in the strictly supersonic region (M> 1); see triangle
ABC in fig. 7. Then adjacent to AC and BC simple wave flows are added,
defined by the property that their straight characteristics at points of
AC and BC respectively, are tangent to the characteristics in ABC that
intersect AC and BC, whereas the velocity is continuous across AC and
BC. The uniform flow with velocity at c is fitted in between the simple
wave flows. The vacuum reflection line now consists of the circular arc
segment AB and its tangents at A and B.
At this point it may be realized that for the formulation of a Liouville
theorem one should regard the vacuum reflection line of equivalent meaning
as the limit line as a type of singularity that exists in a flow if the flow
is not uniform. This may be further illustrated by considering what
happens when the limiting process to incompressible flow is made in the
case of flows of a perfect gas where either of these two types of lines occur.
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In the first place let us consider the compressible source solution [9].
This solution exists and has two values outside a circular sonic limit line.
If the speed of sound in some reference point, say on the sonic line, is
increased indefinitely, while leaving the source strength invariant, the
incompressible source flow is obtained from the subsonic part ef the
solution. The radius of the circular sonic limit line goes to zero in this
limiting process and the limit line corresponds to a pole singularity of
the analytic function in the complex plane representing the complex velo-
city and a branch point in the function for the complex potential.
simple wave
flow
Potential
vortex flow
simple wave
flow
vacuum reflection M ==
line
Fig. 7. Flow with vacuum reflection line without limit lines and sonic lines.
Secondly consider the potential vortex solution [9]. This solution only
exists outside of a circular vacuum reflection line. If again the speed of
sound in some reference point is made arbitrarily large, while now leaving
the circulation invariant, the incompressible vortex is obtained. In this
process the radius of the vacuum line goes to zero and the vacuum re-
flection line is again seen to correspond to a pole in the complex velo-
city and a branch point in the complex potential.
As a result of the foregoing considerations it is conjectured that a
Liouville theorem for compressible potential flows exists, which states
that the uniform flow is the only compressible potential flow free of limit
lines and vacuum reflection lines throughout the entire flow plane.
Delft University of Technology,
The Netherlands
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